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Abstract 13 
This paper presents a new discrete crack model that can simulate the complex behaviour of FRP-14 
strengthened RC slabs. The model approximates the kinematics of crack openings by a rigid body 15 
movement that can be easily embedded in regular finite elements. As such, concrete cracking and its 16 
interaction with the FRP can be automatically accounted for in finite element simulations. The proposed 17 
technique includes all relevant material non-linearities related with concrete, steel and FRP, as well as with 18 
the debonding at interfaces. The model is validated against experimental results on one-way simply 19 
supported slabs before assessing in detail the relevance of the discrete simulation of cracks for the analysis 20 
of the behaviour of the strengthened structure. The numerical model provides important insights on the 21 
bond mechanism that cannot be easily determined otherwise. For example, the debond failure is shown to 22 
be composed of a critical local stable debonding length that is then followed by global debonding which 23 
triggers a rapid loss of strength provided by the FRP. The model also provides the stable bond length from 24 
parametric analysis of the optimal strengthening layout. Overall, the model correctly predicts the composite 25 
behaviour and strength of the FRP-strengthened structure, confirming experimental observations, and 26 
expanding the current capabilities of existing analytical and numerical models.  27 
Keywords: FRP; RC slabs; strengthening; discrete crack models; crack pattern; failure mechanism. 28 
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Introduction 29 
Fibre-reinforced polymer (FRP) composites are currently widely used for the strengthening of reinforced 30 
concrete members. It is well known that the behaviour of the strengthened structure strongly depends on 31 
the properties of the interface between the FRP and the concrete surface, which must assure the effective 32 
transfer of stresses. Numerous studies, however, reported the FRP to debond at strains significantly lower 33 
than its rupture strain, with the sudden failure mechanism being typically initiated at the base of flexural 34 
and flexural-shear cracks along the length of the member, or at the FRP plate ends (Hollaway and  Teng 35 
2008; Oehlers and  Seracino 2004). This poses safety concerns and represents an under-utilisation of the 36 
strength and strain capacity of the FRP whose actual contribution needs to be accurately predicted by 37 
numerical models.  38 
A variety of configurations consisting of single (Coronado and  Lopez 2010; Hadigheh et al. 2015; Savoia 39 
et al. 2009; Wu et al. 2010) and double shear tests (Pellegrino and  Modena 2009), as well as flexural tests 40 
(Coronado and  Lopez 2010; Pellegrino and  Modena 2009; Wang 2007) have been used to facilitate the 41 
development of constitutive relationships for the concrete-to-FRP interface. There are now several models 42 
available for bonded connections, either derived from empirical or semi-empirical approaches, as well as 43 
closed-form analytical solutions or numerical models (De Lorenzis and  Zavarise 2008; De Lorenzis and  44 
Zavarise 2010; Hadigheh and  Gravina 2016; Täljsten 1994; Wu et al. 2010; Yuan et al. 2001). Numerically, 45 
the bond mechanism can be modelled within the finite element framework by interface elements equipped 46 
with a local bond-slip law (Ali-Ahmad et al. 2007; Carloni and  Subramaniam 2010; Chen and  Teng 2001; 47 
Ebead and  Neale 2007; Ferracuti et al. 2007; Pellegrino and  Modena 2009; Savoia et al. 2009; Wang 2007; 48 
Wu et al. 2002). The identification of the bond-slip law from experimental data can be achieved using both 49 
direct and inverse approaches (Bilotta et al. 2012; Faella et al. 2009). In this scope, limitations from the test 50 
set-up can impact on the accuracy of the results if certain aspects, such as a possible load-misalignment 51 
during the experiments (Neto et al. 2016), are not accounted for in the numerical derivations.  52 
Adequate modelling results have been reported using linear elastic bond-slip laws without softening (Lee 53 
et al. 1999; Täljsten 1994), although more accurate predictions required the modelling of softening. 54 
Different approximations have been used in the latter case, including linear, bilinear or exponential laws 55 
(Ali-Ahmad et al. 2007; Coronado and  Lopez 2007; Ebead and  Neale 2007; Holzenkämpfer 1994; Neto 56 
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et al. 2004; Neubauer and  Rostásy 1997; Yuan et al. 2001). More details on existing bond-slip models can 57 
be found in Chen and  Teng (2001), and Pellegrino and  Modena (2009). 58 
Despite previous works, the development of reliable models for predicting the behaviour of strengthened 59 
structures still poses challenges associated with the specified constitutive models. In fact, the simulation of 60 
the structural response requires the interaction between FRP and cracks at the FRP-concrete interface. 61 
Different approaches have been adopted as found in the literature. The first models focused on the 62 
phenomenon of intermediate crack debonding and obtained closed-form solutions or numerical 63 
approximations (Ferracuti et al. 2006; Rabinovich and  Frostig 2000; Rabinovitch and  Frostig 2003; Wang 64 
2006). In some cases, the framework also supported the extraction of material parameters from 65 
experimental data (e.g. Ferracuti et al. 2007). However, the prediction of the behaviour of the structure 66 
requires advanced features that do not rely only on the proper modelling of the FRP-to-concrete bonded 67 
joint. In particular, the non-linear response of concrete and the process of crack localisation and propagation 68 
have to be taken into account. This led to a second class of models developed within the framework of the 69 
smeared crack approach (Bazant and  Oh 1983; Chong et al. 2008; Rots 1991). This approach is easy to 70 
implement and readily available in many commercial finite element software packages. Lu et al. (2006) 71 
carried out a numerical study on the debonding of FRP applied to concrete blocks and compared different 72 
smeared crack models (Rots 1988). Afterwards, Coronado and  Lopez (2010) simulated beams with FRPs 73 
bonded on the tension face for flexural enhancement using a similar approach. In addition, Chen et al. 74 
(2011) simulated intermediate crack debonding with a focus on modelling of the concrete-to-steel and 75 
concrete-to-FRP interfaces. More recently, smeared models were also generalised to include time-76 
dependent effects (Hamed and  Bradford 2012) and to deal with fatigue loading (Khomwan et al. 2010). 77 
The main limitation of smeared crack models lies on the mesh dependency found in its standard form (i.e. 78 
without the implementation of specific regularisation techniques). There is also the inherent inability for 79 
simulating true material separation (Borst et al. 2004; Rots 1991). Since smeared models were originally 80 
developed from continuum approaches, cracks were described in an averaged (i.e. smeared) way. These 81 
models can show difficulties when failure is motivated by highly localised cracks followed by debonding 82 
of the FRP (Coronado and  Lopez 2010).  83 
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The solution for highly localised failure patterns requires the discrete crack approach. With this approach, 84 
cracks are individually represented within the finite element mesh enabling the simulation of their 85 
interaction with the FRP. The first models for concrete structures were typically based on remeshing 86 
strategies, such that the mesh would constantly adapt to accommodate propagation and new cracks (Bocca 87 
et al. 1991; Ingraffea et al. 1984). This approach is not robust and can cause severely distorted meshes and 88 
require high number of degrees of freedom (Areias et al. 2009). Smeared and discrete models can be 89 
combined, such as in the work reported by Pham et al. (2006). These authors used a discrete crack model 90 
for simulating localised flexure-shear and debond cracks on retrofitted beams, whereas a smeared model 91 
was used with the purpose of modelling non-critical cracks (i.e. without a major role in the failure of the 92 
specimen). This combination is very efficient, since it benefits from the advantages of both models and 93 
adequately handles the interaction between cracks and bonded FRP. A further step can be given to 94 
circumvent the need for remeshing if the cracks are embedded within finite elements (Dias-da-Costa et al. 95 
2010; Manzoli and  Shing 2006; Oliver et al. 2006). Sun et al. (2015) proposed a formulation where cracks 96 
were included using defined arrangements. Unfortunately, real crack patterns found in structures are usually 97 
more complex. As the number of discrete cracks increases, the difficulties in obtaining a numerical solution 98 
also rise. This is due to the highly non-linear structural problem, in which material non-linearities (e.g. 99 
crack propagation, opening and closure of cracks, debonding of the FRP, concrete crushing and/or steel 100 
yielding) can prevent iterative solution-finding algorithms from converging.  101 
This paper presents the development of a numerical model based on the discrete crack approach that 102 
overcomes several of the above-mentioned shortcomings. Relative to smeared models, the ability to model 103 
material separation is addressed by approximating the kinematics of the crack openings using rigid body 104 
movements, which can be embedded in regular finite elements formulations in a straightforward manner. 105 
As such, the interaction between cracks and FRP can be automatically incorporated in the numerical 106 
analyses. A simple criterion for handling multiple crack propagation within the mesh is also proposed, 107 
which together with the implementation of a non-iterative solution solving algorithm, makes the discrete 108 
crack suitable to the analysis and design of practical strengthening problems. This often requires the ability 109 
to include significant material non-linearities without convergence problems.  110 
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In the following sections, the numerical model is described in detail before being validated against 111 
experiments carried out on one-way simply supported FRP-strengthened RC slabs (Smith et al. 2011; Smith 112 
et al. 2013). A sensitivity analysis is also performed to explore the model response and debonding 113 
phenomenon with different FRP arrangements.   114 
Formulation 115 
Governing equations 116 
This section presents the discrete crack approach procedure used to embed discontinuities in finite elements. 117 
Details about the theoretical formulation can be found in Alfaiate and  Sluys (2004),   Dias-da-Costa et al. 118 
(2009, 2013) in the context of plain concrete structures with the overall behaviour generally controlled by 119 
a single crack. Since the theoretical background is the same for the scope of this paper, only the main 120 
relevant aspects are discussed in the following.   121 
Within the concept of the discrete crack approach, microcracking is assumed to concentrate into a surface 122 
of discontinuity whenever the tensile strength of the material is reached. With increasing damage, the 123 
discontinuity undergoes softening (Hillerborg et al. 1976) and forms a true crack when the tensile stress is 124 
fully softened and the material fully separated. The variational principle for a body, W , containing a surface 125 
of discontinuity, dG , and subjected to quasi-static body forces, b , and stresses, t , distributed over the 126 
external boundary, tG , is given by (Malvern 1969): 127 
s( )() :
d d d t
hd d d dd s e d d d
+
W G G W G G
Ñ W+ × G = × W+ × Gò ò ò òu u t u b u tÅ Å , (1)	128 
where s  is the stress tensor and +t  is the stress at the crack, hu  is the opening of the crack, and u  is the 129 
field of total displacements. Fig. 1 shows a general opening for a discontinuity, where subdomain +W  130 
moves relatively to subdomain -W . 131 
The displacement field, u , can be written as the sum of two contributions, the regular displacement field,  132 
uˆ , and the enhanced displacement field, u . The latter field is caused solely by the opening of the 133 
discontinuity. Accordingly, the virtual displacement field is written as:  134 
ˆ
d
Hd d dG= +u u u ,
 
(2) 135 
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where 
d
HG  is the standard Heaviside function, with value ‘1’ on 
+W  and ‘0’ otherwise. Within the 136 
assumption of small displacements: 137 
( ) ( )s s s sˆ ˆd d d
s
H H Hd d d d d dG G GÑ =Ñ + =Ñ + Ñ + Ñ Äu u u u u u ,
 
(3) 138 
where ( )s×  refers to the symmetric part of ( )× , and Ä  stands for the dyadic product.  139 
The gradient of the Heaviside function can be written as (Gray and  Lee 1977): 140 
d d
H d +G GÑ = n ,
 
(4)	141 
where +n  is the vector orthogonal to the discontinuity (see representation in Fig. 1a), and 
d
dG  is the Dirac’s 142 
delta function along the discontinuity. Since the enhanced displacement field directly provides the jump in 143 
the displacement field at discontinuity, i.e. |
d hG
=u u , Eq. (3) can be expressed as: 144 
( ) ( )s s sˆ
d d
s
hHd d d d d
+
G GÑ =Ñ + Ñ + Äu u u u n .
 
(5) 145 
It is further assumed that the opening of the discontinuity is transmitted to the neighbourhood as if it were 146 
a rigid body movement (i.e., composed of a translation and a rotation). This approximation is typically valid 147 
for concrete structures since the discontinuity (or crack) is several orders of magnitude softer than the 148 
surrounding sound bulk material.  149 
Following the assumption of rigid body movement, sdÑ =u 0. Eqs. (2) and (5) can be replaced in Eq. (1) 150 
and, by taking d =u 0  and then ˆd =u 0 , the following governing equations are retrieved: 151 
s ˆˆ ˆ ˆ( ) : ( )
d d t
d d dd s e d d
W G W G G
Ñ W = × W+ × Gò ò òu u b u tÅ Å , (6)	152 
d t
h d d dd d d+
+
+
G W G
× G = × W+ × Gò ò òu t u b u t . 
(7) 153 
The previous equations are uncoupled and represent the variational principle respectively applied to the 154 
bulk – Eq. (6) – and subdomain +W  – Eq. (7).  155 
Element interpolation 156 
The displacement field within each element is interpolated by:  157 
( )ˆ de e e ek ewHG= +u N a M w  in e edW GÅ , (8)	158 
e e e e e
w w= =u M w N w  at 
e
dG , (9)	159 
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where eN
 
contains the element shape functions, aˆ
 
 are the nodal degrees of freedom associated with ˆ eu , 160 
ew
 
are the degrees of freedom placed at both tips of the discontinuity measuring their opening, ewM  is the 161 
matrix transmitting the opening to the neighbourhood, and ewN  contains linear interpolation functions. 162 
Matrix ewM
 
is defined as: 163 
2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1
( )sin ( )cos ( )sin ( )cos1
( )sin ( )cos ( )sin ( )cos1
e
w e e e e
e e e e
d d d d
e e e e
e e e e
d d d d
i i i i
i i i i
x x x x x x x x
l l l l
x x x x x x x x
l l l l
a a a a
a a a a
= é ù
- - - -ê ú- -ê ú
ê ú
ê ú- - - -
- -ê ú
ë û
M ,  (10) 164 
where 1 2( , )x x  are the coordinates of any point inside the element, 1 2( , )
i i ix x=x  are the coordinates of the 165 
first tip of the discontinuity, edl  and 
ea  are, respectively, the length and angle of the discontinuity. ekwM  in 166 
Eq. (8) is obtained by evaluating Eq. (10) at each node of the finite element and stacking it into rows. 167 
Within the element, the strain field is calculated by: 168 
( ) ( )ˆ ˆ d de e e e e e ek e e e e ek ew we G G= = - = -LN a LN a H M w B a H M w  in e edW GÅ , (11)	169 
where L  is the differential operator matrix, ea  are the nodal degrees of freedom associated with eu  and 170 
d
e
GH  is a diagonal matrix containing the Heaviside function evaluated at each regular degree of freedom of 171 
the element. 172 
The incremental stress and traction fields are given by: 173 
( )de e e e e ek ewd d ds G= -D B a H M w  in e edW GÅ , (12)	174 
e e e e
wd d
+ =t T N w  at edG , (13)	175 
where eD  and eT  are the tangent stiffness matrices for the bulk and discontinuity, respectively. 176 
The previous equations can be used to discretise the governing equations presented earlier. After 177 
rearranging it reads as follows: 178 
( )
ˆ ˆ
ˆd d
d ˆd d
d
e e e e
e e e e e Te e ek ed p
w wG
=é ù ì ü ì üï ï- ï ïê úí ý í ýê úï ï- + + î þ ï ïë û -î þ
aa aw
aw ww
K K a f
K K K K w f H M f
,
 
(14) 179 
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where ˆ ˆ
e
aaK  is the stiffness of a regular finite element; 
e
dK  is the stiffness of the discontinuity; 
e
awK , 
e
awK  180 
and ewwK  are matrices coupling the bulk element with the embedded discontinuity; and ˆ
ef  and ewf  are, 181 
respectively, the regular nodal forces and the forces at the discontinuity, such that: ˆ ˆ d
e e e ek
wG=aw aaK K H M , 182 
e eT=wa awK K , ( ) ˆ ˆd d
Te e ek e e ek
w wG G=ww aaK H M K H M . In the case of external forces applied at the regular nodes of 183 
the element, it can be shown that ( ) ˆd dd
Te e ek e
w wG- =f H M f 0 . An additional term 
e
pK  is included in Eq. (14) 184 
to assure appropriate shear jump transmission along the discontinuity.  185 
Crack propagation 186 
The simulation of the behaviour of a concrete member strengthened with FRP involves the propagation and 187 
localisation of multiple cracks. The procedure for sequentially embedding each crack segment, or 188 
discontinuity, that crosses a finite element is done as discussed in the previous sections. However, a suitable 189 
criterion needs to be established to identify the onset of crack localisation and the conditions of crack 190 
propagation within the member during the numerical analysis. A simple approach is herein introduced to 191 
deal with these aspects. Accordingly, new global cracks are automatically embedded during the numerical 192 
analysis whenever the tensile stress monitored at the centre of the finite element reaches its tensile strength. 193 
At that moment, a new front starts with the first segment being embedded when no other crack tip is shared 194 
with a neighbouring element. After this step, the tensile stresses continue to be monitored at the centre of 195 
other uncracked elements and at the tips of existing segments. New global cracks can be from the centre of 196 
other critical elements, and existing cracks can propagate from the tips of existing segments, whenever the 197 
tensile strength is reached at each critical location. The Rankine criterion is used for monitoring the tensile 198 
stress in the present implementation. 199 
Solution procedure 200 
Several material non-linearities need to be considered during the simulation of a concrete member 201 
strengthened with FRP, such as: multiple cracks and crushing in concrete; yielding of steel reinforcement 202 
and subsequent hardening; the slip between the steel and concrete, and the slip between the FRP and 203 
concrete. In addition, the material non-linearities can interact with crack propagation and localisation. In 204 
this mechanical problem, the classic Newton-Raphson solution-finding algorithms often fail to converge to 205 
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reliable solutions, even if coupled with advanced arc-length procedures. For this reason, a different solution 206 
strategy is sought here, as discussed in Graça-e-Costa et al. (2012).  207 
Before starting the numerical analysis, all constitutive models are discretised into multilinear branches to 208 
avoid iterations at the constitutive level. Each step of analysis is composed of a trial and a true step. The 209 
trial step starts with the application of a predefined amount of load to the structure and the selection of the 210 
solution sense at the structural level (i.e., the selection on whether the applied loading should increase or 211 
decrease in the current step of analysis). Such a decision can be made using any standard criterion, such as 212 
that based on load, displacement or energy requirements. The energy release procedure introduced in 213 
(Gutiérrez 2004; Verhoosel et al. 2009) in the scope of the arc-length algorithms is adopted here.  214 
The energy release rate, GD , is defined by the second order variation of the energy release. For the 215 
structure, it reads as:  216 
\
d d
d d
G e s
W G G
D = D ×D W + D ×D Gò ò w t .  (1) 217 
Each of the two possible outcomes for the numerical solution (i.e. increase or reduce loading), wherein 218 
represented by ‘ A ’ and ‘ B ’, will create a different outcome in terms of the energy release rate computed 219 
from Eq. (15). For illustration purposes, one can represent an integration point of the structure following a 220 
constitutive relation as schematically shown in Fig. 2. It is assumed that the integration point was on the 221 
softening branch in the previous step (i.e. with a negative tangent stiffness). For the current step, there are 222 
two possibilities for the load increment:  223 
- a load increment in one direction at the structural level, for example ‘ A ’, could cause the 224 
integration point to follow path 1, hence contributing to increase the energy release rate 225 
proportionally to the shaded area in Fig. 2. Other integration points could follow either paths 1 or 226 
4, the latter without any contribution to the overall released energy.  227 
- an increment in the reverse direction ( B ) would produce opposite results, with the selected 228 
integration point now following path 4.  229 
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The selection between of the solution sense is herein made by finding the one that leads to the highest 230 
GD , as evaluated by Eq. (15), and according to the criterion proposed by (Gutiérrez 2004) . At any 231 
current trial step, the total load is given by: 232 
1
A t
j j B j-= ± DP P P ,  (16) 233 
where 1j-P  is the load applied in the previous step of analysis, 1j - , jP  is the load in the current step and 234 
t
jDP  is the load increment in the trial step.  235 
After selecting the direction of the load increment, the trial step finishes with the identification of the critical 236 
integration point. This is the one closest to the limit value allowed by the current branch of the constitutive 237 
model, which can be identified by searching the point where parameter pijl  is minimum. The parameter is 238 
defined as: 239 
* *
1
* *
1
p mi b j
j
t j
w w
w w
l -
-
-
=
-
, (17) 240 
where pi  is the integration point, 
*w  is the generalised variable (e.g. crack opening for a discontinuity, 241 
amount of slip for a bond model and axial strain for steel reinforcement), *
mb
w  is the limit value for the m -242 
th branch in which the generalised variable, * 1jw - , is laying on the previous step 1j - , and 
*
tw  is the current 243 
trial.  244 
After identifying the critical integration point, i.e. ( ),min min pij jl l= , the true step is applied by scaling the 245 
load increment used in the trial step such that the critical integration point lies exactly over its limit value, 246 
i.e.:  247 
1 ,min
A
j j B j tl-= ± DP P P  (18) 248 
and all generalised variables are updated by: 249 
( )* * * *1 ,min 1Aj j B j t jw w w wl- -= ± - . (19) 250 
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The entire procedure is repeated for each new step of analysis. Each integration point must follow a 251 
consistent constitutive path, i.e. a path such that existing damage cannot be reversed. Simultaneously, the 252 
current stress state is always bounded by the constitutive softening function adopted. Such constraints 253 
imply, for example, that only paths 1 or 4 would be valid during the trial step (see Fig. 2). Path 2 would 254 
cause the damage to reverse, whereas path 3 would introduce an inadmissible stress state outside the 255 
constitutive envelope. Whenever an inconsistent path is found during the analysis, the trial step progresses 256 
only fictitiously, as means to select a critical point with an admissible path. After finding this point, 257 
Eqs. (18) and (19) are used to estimate the secant stiffness for the integration points with admissible paths:  258 
*
*
j
j
j
t
K
w
= ,  (20) 259 
where t*j is the current trial stress at the integration point.  260 
After estimating the secant stiffness, the fictitious step of analysis and all other data is discarded. The 261 
incremental analysis switches to a total analysis and the structure is reloaded from the unloaded state in a 262 
new trial step in the search for the critical integration point (Rots and  Invernizzi 2004). The incremental 263 
analysis then proceeds as usual.  264 
Numerical model and validation 265 
The finite numerical techniques described in the previous section are used to create a model for concrete 266 
slabs strengthened with FRP on their tension (soffit) face. The model is herein validated using experimental 267 
data for simply supported one-way spanning RC slabs. A total of four slabs were experimentally tested in 268 
Smith et al. (2011; 2013) such that two reference specimens were unstrengthened – specimens S1 and S2.1 269 
– and two other specimens were strengthened with FRP – S2 and S2.2. A picture of one typical strengthened 270 
specimen and corresponding loading scheme are shown in Fig. 3. 271 
For specimens S1 and S2, the concrete compressive cube strength was 51.7 MPa, whereas the tensile 272 
strength and Young’s modulus were, respectively, 3.3 MPa and 28.4 GPa. For specimens S2.1 and S2.2, 273 
the corresponding material parameters were, respectively, 39.9 MPa, 2.7 MPa and 26.9 GPa. The steel 274 
reinforcement was composed of two 10 mm diameter hot-rolled bar (see Fig. 3c) with an average yield 275 
stress of 566 MPa and a Young’s modulus of 198 GPa. The bonded FRP plate was formed by a wet lay-up 276 
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procedure from three layers of carbon fibre sheet. The nominal thickness of each fibre sheet for specimen 277 
S2 was 0.166 mm, while the tensile strength at rupture and Young’s modulus of the FRP were 3163 MPa 278 
and 239 GPa, respectively. For specimen S2.2, the nominal thickness of each fibre sheet, tensile strength at 279 
rupture and Young’s modulus of the FRP were, respectively, 0.131 mm, 3644 MPa and 232 GPa. 280 
The finite element mesh is shown in Fig. 3b. Bilinear elements are applied for modelling concrete with an 281 
elastic and perfect-plastic constitutive law under compression and a linear elastic model under tension. 282 
Embedded discontinuities are used to simulate the concrete non-linear fracture behaviour with a bilinear 283 
softening traction-separation law with 0.05 N/mm fracture energy. Truss elements simulate the longitudinal 284 
steel reinforcement, and are connected to the concrete mesh using standard interface elements with a bond-285 
slip model from Model Code 2010 (fib 2013). From preliminary calculations, the yield stress for the steel 286 
reinforcements was set at 500 MPa. The FRP is simulated using truss elements connected by interfaces to 287 
concrete elements with the simplified bond model proposed by Lu et al. (2005).  288 
Fig. 4 compares experimental and numerical results in terms of load versus displacement curves for all 289 
specimens. From these curves, it can be concluded the good overall prediction for both unstrengthened and 290 
strengthened specimens. All relevant aspects agree with experimental data, including overall changes in 291 
stiffness and cracking loads. In the case of the strengthened specimens, the sudden loss of strength due to 292 
global debonding of the FRP is also well captured. After the peak load, the structural response of the 293 
strengthened slab is identical to the unstrengthened specimen.  294 
A representation of the discontinuities embedded in the finite element mesh is shown in Fig. 5a for S2. As 295 
expected, only a few of these discontinuities are active and propagate across the section, with the 296 
number/spacing dependent on the interaction between discontinuities and steel/FRP reinforcements – as 297 
addressed in the following sections. Fig. 5b shows the active cracks for specimen S2, where regularly 298 
spaced flexural cracks are evident, as well as the horizontal cracks associated with the crushing of the 299 
compressive strut at the top surface of the slab. 300 
The numerical models simulate the interaction between the strengthening material and cracks. The left side 301 
of Fig. 6 represents the crack pattern and bond stresses developing at the interface between FRP and 302 
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concrete for model S2,2, whereas the right side shows the corresponding bond stress and first principal 303 
stress in concrete. All steps of analysis are identified in the load versus displacement curve in Fig. 4b.  304 
Fig. 6a contains the first active crack appearing in the numerical model, which progressively opens and 305 
softens tensile stresses in its neighbourhood. Simultaneously, the FRP is locally stretched by the crack 306 
opening as evidenced by the increased bond stresses in the region. At later stages, the crack significantly 307 
widens and the tensile stress in its neighbourhood is fully dissipated. This process repeats progressively at 308 
other areas closer to the vertical support, as new discontinuities localise and become active – see 309 
Figs. 6a to 6c. This last figure corresponds to the peak load, where cracks are still constrained by the FRP 310 
and the stresses at the interface are close to the bond strength in several locations. After the peak load, the 311 
FRP quickly debonds along the slab – see Figs. 6d and 6e. Just before the last step shown, only a thin region 312 
near the support remains bonded – Fig. 6e. Finally, the FRP fully debonds and the slab behaves as if it were 313 
unstrengthened – Fig. 6f.  314 
Results and discussion 315 
This section makes use of the discrete crack model to numerically evaluate the possible failure mechanisms, 316 
crack patterns, bond between steel and concrete, and bond between FRP and concrete that can occur in 317 
FRP-strengthened slabs. Given the marginal differences in the material properties between the first 318 
(specimens S1-2) and second test series (specimens S2,1-2), only results based on models S1 and S2 are 319 
presented in the following. Fig. 7 shows the load versus displacement curves for each specimen and the 320 
selected steps of analysis to be discussed next. 321 
Crack pattern  322 
The crack pattern for both slabs obtained numerically is represented in Fig. 8. It should be noted that cracks 323 
are magnified proportionally to their opening to highlight their relative importance. For sake of clarity, 324 
discontinuities below 0.1 mm are not represented. In the model without FRP, damage tends to localise on 325 
a main crack that has a significant opening. There are three other smaller cracks and the average spacing is 326 
160 mm. The effect of the FRP is noticeable not only on the higher slab strength – compare Figs. 7a and 327 
7b – but also on the process of damage localisation. Eight active vertical cracks can be clearly identified – 328 
instead of four – with an average spacing of 94 mm, which is significantly smaller than in model S1. The 329 
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FRP also contributes to carry the tensile stresses and limits the maximum opening of each crack as it will 330 
be discussed ahead.  331 
The tension-stiffening effect associated with the contribution of concrete between cracks to the overall 332 
stiffness and strength is more relevant in the strengthened slab. This translates in the significantly long 333 
second branch in the load versus displacement curve (see Fig. 7) and the amount of tensile stresses carried 334 
by concrete between active cracks represented in Fig. 6c.  335 
Active cracks and crack openings 336 
The specific behaviour for each crack can be analysed with respect to loading. Figs. 9 and 10 represent the 337 
evolution of the maximum crack opening, average crack opening and the opening for three active cracks 338 
with vertical displacement and loading, respectively. As mentioned earlier, in model S1 one crack is 339 
dominant from the early stages of loading, with the gap between maximum and average opening increasing 340 
with the vertical displacement. This is particularly relevant after the yielding of the steel reinforcement 341 
across the dominant crack and simultaneous increase in the rate of opening – see Figs. 9a and 9b. The 342 
maximum crack width reaches approximately 4.6 mm for 60 mm vertical displacement, whereas all other 343 
crack widths are below 1.6 mm.  344 
Figs. 9 and 10 highlight the role of FRP on the damage localisation and its interaction with the longitudinal 345 
steel reinforcement. The strengthened specimen yields for a vertical displacement close to 13 mm, which 346 
is higher than the 10 mm found in model S1 due to the confinement of the FRP preventing significant crack 347 
openings. The FRP also limits any changes in the rate of crack opening until the peak load, even when steel 348 
is yielding. At the peak load, however, the FRP quickly debonds and the maximum crack width changes 349 
suddenly.  350 
The FRP impacts on crack widths both before and after the peak load. In earlier stages, the maximum crack 351 
width is significantly smaller in model S2 due to the FRP confinement. The longitudinal reinforcement 352 
yields across the four active cracks in Figs. 10, whereas in model S1 this threshold is only met at two cracks. 353 
When the FRP is fully debonded, the maximum crack width quickly approaches the values of the 354 
unstrengthened slab.  355 
15 
 
Bond and tension stiffening effect 356 
The bond stress between steel and concrete, and between concrete and FRP, together with the tension 357 
stiffening effect at each stage of loading, is particularly relevant when designing a strengthened member 358 
for serviceability conditions. Figs. 11 and 12 represent the bond stress for the steel reinforcement for each 359 
step of analysis for both strengthened and un-strengthened models, respectively. Figs. 11a and 12a show 360 
results for same load levels and highlight the significant reduction in the bond stresses in the strengthened 361 
slab. The maximum bond stress is reduced by nearly half and this effect is also noticeable at later steps of 362 
analysis. As mentioned earlier, the number of active cracks spread across the span is higher in the 363 
strengthened model and these cracks directly correlate with the peaks in the bond stress diagrams.  364 
The debonding of the FRP is found to be described by a combination of local and global mechanisms. In 365 
the initial stages, debonding starts by interaction with local cracks. Each active crack opens and stretches 366 
the composite, which increases the bond stresses in its neighbourhood. The bond stress eventually rises to 367 
the strength of the connection and the FRP slips against concrete in what is herein identified as the onset of 368 
local debonding. This onset, however, does not immediately reduce the load capacity of the member. 369 
Instead, it is only after the areas of high stress and reduced stiffness cumulate to a significant threshold that 370 
global debonding with full softening occurs. Fig. 13 represents the length of FRP for which the bond 371 
strength is attained. The first regions of FRP reaching the bond strength are identified very early, when the 372 
vertical displacement is 5.4 mm. The cumulative length increases with loading progressively until 373 
representing approximately 33% of the full length of FRP for a vertical displacement is 24.4 mm. This sets 374 
the moment when the rate of debonding quickly increases as the local process changes into a global 375 
mechanism. The FRP is finally fully debonded and unable to sustain further loads for a vertical 376 
displacement of 29.7 mm and the strength of the structure drops with a brittle response.   377 
The mechanism of debonding can be further analysed by means of the bond stress diagrams in Fig. 14. The 378 
interface between FRP and concrete is first mobilised at the midspan and in the neighbourhood of active 379 
cracks. For loads above 20kN, the stress is already close to the strength of the connection for a significant 380 
length, which means that there is a significant region where the stiffness of the connection is reduced. These 381 
areas continue to expand in length as the applied load gradually approaches its peak. Just before losing its 382 
strength, the FRP is only bonded at its extremities for a vertical displacement of 29.7 mm.  383 
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Sensitivity analysis 384 
The strength of the slab with FRP is the outcome of a complex interaction between cracks and composite, 385 
which is very difficult to predict without comprehensive models. In this section, a sensitivity analysis is 386 
presented regarding parameters that can be relevant to the design of strengthened members. These include 387 
the number of layers of FRP and the bond length. The reference is model S2, which has 3 layers of FRP 388 
with a bond length of 2200 mm – see Fig. 3b. The same model is recomputed using one, two, four and six 389 
layers of strengthening material. The corresponding load versus displacement curves are shown in Fig. 15. 390 
By increasing the number of layers, the maximum load increases almost linearly (see Fig. 15b). Conversely, 391 
the ductility of the structure decreases significantly until reaching a plateau that corresponds to a change in 392 
the structural response (see Fig. 15).  393 
There are significant differences in the bond behaviour of the FRP with different number of layers. With 394 
one layer, debonding occurs very slowly and the interface does not fully soften the bond stresses for the 395 
range of displacements studied – see Figs. 16 and 17. In fact, even after significant vertical displacement, 396 
full debonding is only observed in a limited region of the mid-span corresponding to about 150 mm length 397 
or 22% of the total length – Fig. 17a. With increasing number of layers, the rate of local debonding also 398 
increases – see Fig. 16b. The stresses remain close to the strength of the interface for a relatively longer 399 
length of FRP, and full softening only occurs just after the peak load as shown in Fig. 17b. It should be 400 
highlighted that the threshold level for global debonding for four layers of FRP is similar to the level 401 
reported in the previous section.  402 
Figs. 18 show the crack pattern at the peak load for each model and how it changes with the number of 403 
layers. For small amounts of FRP, the pattern is dominated by a principal crack that localises in the mid-404 
span and causes bond stress concentrations in both steel reinforcement and FRP. Such a dominant crack is 405 
also found in the unstrengthened specimen. However, the number of secondary cracks with the FRP is 406 
higher due to the more effective distribution of tensile stresses along the slab. Increasing the number of 407 
layers even further produces a pattern where all cracks have a similar opening ratio and contribution to the 408 
global response.  409 
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The bond between unanchored FRP and concrete surface is a critical element in the behaviour of the 410 
composite structure. Fig. 19 shows the structural response for different bond lengths ranging from 1000 to 411 
2200 mm. The reference is model S2, for which the bond length is 2200 mm as mentioned before.  412 
By comparing Figs. 19a and 19b, it can be concluded that the minimum bond length is approximately 413 
1600 mm (i.e. 2/3 of the free span) since after this value the overall structural response remains practically 414 
unchanged (see also Fig. 20). There is a simultaneous loss of ductility and increase of load capacity with 415 
the FRP length, which is observed until the optimal bond length is found. Above or below 1600 mm, the 416 
structural behaviour and failure mechanism are quite different – see Fig. 21. Up to 1600 mm the bond length 417 
is not enough to transfer the tensile stresses of the FRP and a stress concentration occurs at the extremity 418 
of the FRP which causes a main failure crack in the region clearly noticeable at the maximum load – e.g. 419 
Figs. 21a and 21b. Above the minimum length, the crack pattern for all models is nearly the same, which 420 
shows that there is no advantage in selecting bond lengths above 1600 mm for the slab being studied.  421 
Conclusions 422 
This manuscript presented a new computational model for the simulation of the behaviour of FRP-423 
strengthened slabs. The proposed numerical formulation is based on the discrete crack approach with 424 
embedded discontinuities that approximate the kinematics of the crack openings by rigid body movements. 425 
From the validation and sensibility tests performed, the following main conclusions are highlighted:  426 
- When compared to existing smeared models, the proposed discrete technique automatically 427 
simulates the material separation induced by crack openings, which is critical to capture the 428 
interaction of the cracks with the debonding of the FRP. The simple criterion proposed for the 429 
propagation of multiple cracks and the robust non-iterative algorithm developed enabled the 430 
practical use of a discrete crack model to effectively overcome the convergence issues typically 431 
found with complex material non-linearities and their interactions.  432 
- From a structural analysis perspective, the model provided important insights on the bond 433 
mechanism that could not be easily determined otherwise, either from experiments or from other 434 
numerical techniques. For example, the debond failure was shown to be composed of a critical 435 
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local stable debonding length that slowly cumulates before the phenomenon of global debonding 436 
is triggered. The latter quickly propagates leading to a loss of strength.  437 
- The threshold required to engage the global debonding was found not to significantly change with 438 
the number of strengthening layers used in the slab. If this number is reduced, however, the global 439 
debonding may not take place for the normal range of vertical displacements of the slab. In this 440 
case, the full softening of the bond stress occurs only at limited regions of the member.  441 
- In terms of structural design, the discrete crack approach developed enabled the identification of 442 
the crack patterns and failure mechanisms caused by different strengthening layouts, including 443 
changes in the number of composite layers and anchorage lengths. The minimum bond-length 444 
required to prevent the premature failure of the strengthened slab could also be determined 445 
following a straightforward sensitivity analysis. 446 
As a final remark, it should be mentioned that from a designer’s perspective, the use of the discrete crack 447 
model presented is very convenient, as only parameters related to the material properties that are readily 448 
available in guidelines and from standard characterisation tests are required. Other parameters found in 449 
smeared formulations, such as those related with the mesh size or length scale and that can significantly 450 
impact the quality of the numerical predictions and produce mesh dependency, are unnecessary.  451 
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Figures caption list 596 
Figure 1. Body containing a discontinuity: (a) adopted nomenclature; and (b) general opening. 597 
Figure 2. Representation of the constitutive model at an integration point belonging to a discontinuity. 598 
Figure 3. (a) Test set-up; (b) Structural scheme and finite element mesh; (c) Cross-section. 599 
Figure 4. Load versus displacement curves for specimens: (a) S1-2; and (b) S2,1-2. 600 
Figure 5. Crack pattern after the peak load for model S2: (a) all embedded discontinuities (displacements 601 
magnified 10x); and (b) active cracks (displacements magnified 2x, crack openings magnified 10x). 602 
Figure 6. Crack patterns, bond stress for CFRP and first principal stress for concrete for different stages of 603 
loading (displacements magnified 10x) in model S2,2: (a) 11.9 kN; (b) 20.1 kN; (c) 36.5 kN; (d) 34.3 kN; 604 
(e) 27.8 kN; and (f) 18.8 kN. 605 
Figure 7. Load versus displacement curves and steps of analysis for models: (a) S1; and (b) S2. 606 
Figure 8. Crack pattern showing only cracks wider than 0.1 mm for models: (a) S1; and (b) S2 607 
(displacements magnified 2x, crack openings magnified 10x). 608 
Figure 9. Model S1: (a) average/maximum crack opening and (b) steel stress versus vertical displacement; 609 
and (c) crack openings and (d) steel stress versus vertical displacement. 610 
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Figure 10. Model S2: (a) average/maximum crack opening and (b) steel stress versus vertical displacement; 611 
and (c) crack openings and (d) steel stress versus vertical displacement. 612 
Figure 11. Model S1 bond stress for steel reinforcement at: (a) 12, 14 and 15 kN; (b) 18 and 20 kN load, 613 
and 56 mm vertical displacement.  614 
Figure 12. Model S2 bond stress for steel reinforcement at: (a) 12, 14 and 15 kN; (b) 20, 30 and 40 kN load.  615 
Figure 13. Model S2: onset of debonding and load capacity versus vertical displacement. 616 
Figure 14. Model S2: bond stress at FRP. 617 
Figure 15. Number of layers of FRP: (a) Load versus displacement; and (b) peak load and corresponding 618 
displacement versus number of layers.  619 
Figure 16. (a) Steps of analysis for models with 1 and 4 layers of FRP; (b) Debond onset and load capacity 620 
versus vertical displacement 621 
Figure 17. Bond stress at FRP: (a) 1 Layer; and (b) 4 Layers. 622 
Figure 18. Crack pattern at the peak load for: (a) 1 Layer; (b) 4 Layers; and (c) 6 Layers (displacements 623 
magnified 2x, cracks widths magnified 10x). 624 
Figure 19. Bond length: (a) shorter anchorage lengths; (b) longer anchorage lengths.   625 
Figure 20. Maximum load versus bond length.  626 
Figure 21. Crack pattern at the peak load for: (a) 1080 mm; (b) 1200 mm; (c) 1600 mm; and (d) 2200 mm 627 
ref (displacements magnified 2x, cracks magnified 10x). 628 
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Figure 1. Body containing a discontinuity: (a) adopted nomenclature; and (b) general opening. 
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Figure 2. Representation of the constitutive model at an integration point belonging to a discontinuity. 
 3 
 
(a) 
 
 (b) 
 
(c) 
Figure 3. (a) Test set-up; (b) Structural scheme and finite element mesh; (c) Cross-section (dimensions in mm). 
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(a) (b) 
Figure 4. Load versus displacement curves for specimens: (a) S1-2; and (b) S2.1-2. 
	
	
	
(a) (b) 
Figure 5. Crack pattern after the peak load for model S2: (a) all embedded discontinuities 
(displacements magnified 10x); and (b) active cracks (displacements magnified 2x, crack openings 
magnified 10x). 
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(e)  
	 	
(f)  
Figure 6. Crack patterns, bond stress for CFRP and first principal stress for concrete for different stages of 
loading (displacements magnified 10x) in model S2.2: (a) 11.9 kN; (b) 20.1 kN; (c) 36.5 kN; (d) 34.3 kN; 
(e) 27.8 kN; and (f) 18.8 kN. 
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(a) (b) 
Figure 7. Load versus displacement curves and steps of analysis for models: (a) S1; and (b) S2. 
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(a) (b) 
Figure 8. Crack pattern showing only cracks wider than 0.1 mm for models: (a) S1; and (b) S2 
(displacements magnified 2x, crack openings magnified 10x). 
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(a) (b) 
	 	
(c) (d) 
Figure 9. Model S1: (a) average/maximum crack opening and (b) steel stress versus vertical displacement; and (c) 
crack openings and (d) steel stress versus vertical displacement. 
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(a) (b) 
	 	
(c) (d) 
Figure 10. Model S2: (a) average/maximum crack opening and (b) steel stress versus vertical displacement; and 
(c) crack openings and (d) steel stress versus vertical displacement. 
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(a) (b) 
Figure 11. Model S1 bond stress for steel reinforcement at: (a) 12, 14 and 15 kN; (b) 18 and 20 kN load, and 
56 mm vertical displacement.  
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(a) (b) 
Figure 12. Model S2 bond stress for steel reinforcement at: (a) 12, 14 and 15 kN; (b) 20, 30 and 40 kN load. 
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Figure 13. Model S2: onset of debonding and load capacity versus vertical displacement. 
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(a) (b) 
Figure 14. Model S2: bond stress at FRP. 
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(a)	 (b)	
Figure 16. (a) Steps of analysis for models with 1 and 4 layers of FRP; (b) Debond onset and load capacity versus 
vertical displacement 
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(a) (b) 
Figure 17. Bond stress at FRP: (a) 1 Layer; and (b) 4 Layers. 
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(a) (b) 
Figure 15. Number of layers of FRP: (a) Load versus displacement; and (b) peak load and corresponding 
displacement versus number of layers.  
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(a) (b) 
 
(c) 
Figure 18. Crack pattern at the peak load for: (a) 1 Layer; (b) 4 Layers; and (c) 6 Layers (displacements 
magnified 2x, cracks widths magnified 10x). 
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(a) (b) 
Figure 19. Bond length: (a) shorter anchorage lengths; (b) longer anchorage lengths.  
 42 
	
Figure 20. Maximum load versus bond length.  
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(a) (b) 
  
(c) (d) 
Figure 21. Crack pattern at the peak load for: (a) 1080 mm; (b) 1200 mm; (c) 1600 mm; and (d) 
2200 mm ref (displacements magnified 2x, cracks magnified 10x). 
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